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Answer five questions, taking one from each unit.

UNIT-I
1. (a) Letzand w be complex numbers. Show that: 2x2=4
(1) zz isreal and non-negative
(ii) |z+w|<|z[+ W]
(b) Prove that closed subsets of compact sets are compact. 5

(c) Prove that for any finite collection G,,G,,...,G, of open sets,

ﬂ G, 1s open. Is the result true for an arbitrary intersection? 5

i=1

2. (a) Let E° denote the set of all interior points of £. Prove that:
(1) E° is always open 2x2=4
(i) Eisopenifandonlyif E°=E
(b) Ifzis acomplex number such that |z| =1, then compute the
value of ‘1+zz‘+‘1—zz‘. 5

(c) Define the closure of a set £, where E is a subset of a metric
space X. Prove that the closure of £ is closed in X. 5

UNIT-1I

3. (a) Show that Zip converges if p >1 and diverges if p <1. 4
n
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(b)

(©)

(a)

(b)

(©)

(2)

(b)

(c)

(2)

Suppose {s,} and {z,} are complex sequences, and lims, =s

n—©

and lim¢, =¢. Show that lims ¢ =st.

n—>0 n—0

Suppose Zan converges absolutely, Zan =4, an =B,

n=0 n=0 n=0

cn = Zn:akbnfk (n= 0,1,2,...) . Show that Zw:cn =AB.

k=0 n=0

If > a,=Aand ) b, =B, show that Y (a,+b,)=A+B and

ann =cA, for any fixed complex number c. 4
If |a,|<c, for n> N, ,where N, is some fixed positive integer,
and if ch converges, then show that Zan converges. 5
Show that lim(1 + lj =e. 5
n—>0 n
UNIT-III

Suppose a and ¢ are real numbers, ¢ > 0, and f'is defined on

x“ sin(x‘c) ifx#0
[-L1] by f(x)= . Prove that: 2x2=4

0

ifx=0

(1) fis continuous if and only if a >0

(i) f'(0) exists if and only if a > 1

Let X and Y be metric spaces; suppose f maps E into ¥, where

E — X and p is a limit point of E. Prove that limf(x) =q if
xX—=>p

and only if lim f(p,) =g for every sequence {p,} in E such

that p. # p and limp, =p.

Prove that continuous mapping of connected subsets are
connected.

Let /'be defined on [a,b]; if fhas a local maximum at a point

x€(a,b),and if f'(x) exists, then show that f"(x)=0.
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(b)
(c)

(a)

(b)

(©)

(a)

(b)

(©)

(a)

Show that continuous mapping of a compact space is compact.

5

Suppose fis defined in a neighbourhood of x and suppose
/" (x) exists. Show that

lim

f(x+h)+f(x—h)—2f(x)

h—0

hZ

= /" (x). Show by an example

that the limit may exist even if f ”(x) does not. 5

UNIT-1V

Suppose f >0 is continuous on [a,b] ,and ij(x)dx =0.
Prove that f(x) =0 forall xe [a,b]. 4
Show that f € R(OL) on [a,b] if and only if for every £ >0
there exists a partition P such that U(P, f,a)—L(P, f,0)<t.

5

State and prove the fundamental theorem of calculus. 5

If f (x) =0 for all irrational x, f (x) =1 for all rational x, prove
that f ¢ R on [a,b] forany a<b. 4
If feR(a) on[a,b] andif a<c<b, then show that
f€R(a) on [a,c] and on [c,b] and

c b b

jfda+j fda:j fdo. 5
If P* is arefinement of P, then show that

L(P, f,0)<L(P* f,0) and U(P*,f,0)<U(P, f,0). 5

UNIT-V
Suppose lim f, (x)= f(x)(x€ E) and M, =sup|f, (x)—f(x)‘ .
=0 xeE

Prove that f — f uniformly on £ if and only if M, -0 as
n—>0. 4
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(b) Let B be the uniform closure of an algebra A of bounded
functions. Prove that B is a uniformly closed algebra. 5
(c) Construct sequences { fn} and { gn} which converges uniformly

on the set £, but {f,g,} does not converge uniformly on £. 5

2
nX +n
2
n

10. (a) Prove that the series i(—l)

n=l
every bounded interval. 4
(b) Prove that the sequence of functions { fn} defined on E,

converges uniformly in

converges uniformly on £ if and only if for every € >0 there
exists an integer N such that m> N,n > N,x € E implies

fn(x)—fm(x)|ﬁa. 5

(c) Let o be monotonically increasing on [a,b]. Suppose
f,€R(a) on [a,b],forn=1,2,3, ..., and suppose f, — f
uniformly on [a,b] . Prove that feR(OL) on [a,b] and

[/ rdo=1im["1,da. 5

n—0
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