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Answer five questions, taking one from each unit.

UNIT-1

1. (a) Prove that the sum of subspaces U,,...,U, <V is a subspace
and is the smallest subspace containing all U, . 4
(b) Let U be the subspace of C’ defined by
U= {(21,22,23,24,25) eC | 6z, =z, and z; +2z, + 3z, = O} .5
(1) Find a basis of U.
(ii) Extend the basis obtained in part (a) to a basis of C.

(iii) Find a subspace W of C’ such that CC=U ®W .
(¢) Let U,,...,U, be finite-dimensional subspaces of a vector space

V'such that U, +...+ U, is a direct sum. Prove that U, @...®@U

1s finite-dimensional and that
dim(U, ®..0U, ) =dimU, +...+dimU,,. 5

2. (a) Let V'be a vector space over a field F and let v,,...,v, €V be

linearly independent. For we V', prove that the set {vl,...,vm,w}

is linearly independent if and only if wespan(v,,...,, ). 5
(b) Let Vand W be finite-dimensional vector spaces over the same

field F . Prove that V' =W < dimV =dimWV . 5
(c) IfS, T are invertible linear maps, show (ST )_l =TS, 4
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UNIT-II
(a) Let V' be a finite-dimensional vector space over a field F, let
TeL(V),andlet L eF. Prove that the following are

equivalent: 1x4=4
(1) A isan eigenvalue of T
(i1)) T—A[ is not injective
(i) T —AJ is not surjective
(iv) T—A[ is not invertible
(b) Over C, prove that every operator T € E(V) has an eigenvalue.

5
(c) Let V'be a finite-dimensional vector space and 7' € C(V) . 5

(1) Suppose T is diagonalizable. Prove that
V =nullT @rangeT .

(i) Prove the converse of (i) or give a counterexample to the
converse.

(a) Let V' be a finite-dimensional complex vector space and let
T e L(V). Prove that there exists a basis of } with respect to

which the matrix of 7 is upper triangular. 5
(b) Let TeL(V) and let v+0 be an eigenvector of 7 with

eigenvalue L€l i, Tv=2Av.Let p e P(F) be a polynomial.
Prove that p(T)v=p(X)v. 4

(c) Let V' be a finite-dimensional complex vector space and let
T e L(V). Prove that T is diagonalizable if and only if

V =null(7T -\ )®range(T—Al) for every AeC. 5
UNIT-III
(a) Let T eL(V) with n=dimV . Prove that the sequence of null

spaces stabilizes at step #, i.e.
null (7" ) = null (7" ) = null (7" ) =...... 4
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(b)

(©)

(a)

(b)

(©)

(a)

(b)

(c)

Let T e E(V) ,let meN, and suppose v eV satisfies 7" 'v# 0

but 7”v =0. Prove that the list v,7v,T?v,...,T""'v is linearly
independent. 5
Define TeLI((C3) by T(z,,2,,2,)=(42,,0,5z,). 5

(1) Find all eigenvalues of 7, the corresponding eigenspaces,
and the corresponding generalized eigenspaces.

(ii) Show that C’ is the direct sum of the generalized
eigenspaces corresponding to the distinct eigenvalues of 7.

Let N e E(IF“) be the nilpotent operator defined by

N(z,25,25,2,) = (O, Z,2,, 23) . Find the characteristic

polynomial and the minimal polynomial of N, and justify your
answers. 5

Let ¥ be a complex vector space and T € L(V'). Let ¢ be the
characteristic polynomial of 7. Prove that q(T ) =0. 5

Let N:F° — F’ be nilpotent with N> =0 and N*>#0.
Determine the Jordan form of N and exhibit one Jordan basis. 4

UNIT-1V
Let p > 0. Prove that there exists an inner product on R* whose
induced norm satisfies H(x,y)” = (|x|p +|y/" )%’ for all
(x,y)eR? if and only if p = 2. 4

Let V' be a finite-dimensional inner product space and let
¢:V — T be a linear functional. Prove that there exists a

unique vector u €} such that (p(v) = <v,u> forall vel . 5
Let C([—l,l]) be the vector space of continuous real-valued

1
functions on [—1,1] with inner product ( f,g) = L f(x)g(x)dx
for f,geC ([—1,1]). Define the linear functional
¢:C([-L1]) >R by ¢(f)=/(0). Show that there does not
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exist g e C([-1,1]) such that @( ) =(f,g) for every

fec([-L1]). 5
(a) Let V' be a finite-dimensional inner product space and let
U cV be a subspace. Prove that V =U @U". 5

(b) Let V' be a complex inner product space and T € L(V') . Prove
that 7 is self-adjoint if and only if <T v, v> eR forevery vel .

5
(c) Make P, (]R) into an inner product space by
1
<p,q> = IO p(x)q(x)dx . Define T € E(P2 (R)) by
T (ao +ax+ azxz) =a,x . Show that T is not self-adjoint with
respect to this inner product. 4
UNIT-V
(a) Forabilinear form B:VxV —IF and x,y eV, define
x,(1)=B(x,1), yp(s)=B(s,»). 4
(i) Show L:x+>x, and R:yr> y, are linear maps V — V.
(ii) Define V'* =kerL and V'* =kerR . If B is symmetric,
Prove V't =) "*,
(b) Let B be a bilinear form on a finite-dimensional " with matrix
(b,. j) in some basis. Prove the equivalences: 5
(i) v ={0}
(i) ¥+ ={0}
(iii) (b,,) is invertible
(c) Assume B is a symmetric bilinear form on V. Show that the
induced form B:V /V <V /V: >TF,
E(x +V v+ VL) = B(x,y) , is well defined, symmetric, and
nondegenerate. 5
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10. (a) (i) If Bisasymmetric bilinear form on V, show
O(x):=B(x,x) is a quadratic form.

(1) Let 4= (al. j) be the matrix of a symmetric bilinear form B
in a basis {e}. Express O(x)=B(x,x) in coordinates. 4

(b) (i) Define a positive definite Hermitian form. Explain why
every positive definite Hermitian form is an inner product.

(i) Let x=(x,...x,), ¥=(»-,)€F, F=R or C, and
define H (x, y) =Xy, +...+x,y, .Show that / is a Hermitian

form on F" and that it is positive definite. 5
(c) Let H be nondegenerate. Show that the set of H-unitary
operators on J forms a group under composition (the H-unitary
group). Furthermore, prove that for any H-unitary operator 7,

T7'=T",where T is the adjoint with respect to H. 5
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