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Answer five questions, taking one from each unit. 

UNIT–I 

1. (a) Prove that the sum of subspaces 
1,..., mU U V  is a subspace 

and is the smallest subspace containing all jU . 4 

 (b) Let U be the subspace of 5  defined by 

( ) 5

1 2 3 4 5 1 2 3 4 5, , , , 6 and 2 3 0U z z z z z z z z z z=  = + + = . 5 

  (i) Find a basis of U. 

  (ii) Extend the basis obtained in part (a) to a basis of 5 . 

  (iii) Find a subspace W of 5  such that 5 U W=  . 

 (c) Let 
1,..., mU U  be finite-dimensional subspaces of a vector space 

V such that 1 ... mU U+ +  is a direct sum. Prove that 1 ... mU U   

is finite-dimensional and that 

( )1 1dim ... dim ... dimm mU U U U  = + + . 5 
 

2. (a) Let V be a vector space over a field   and let 
1,..., mv v V  be 

linearly independent. For w V , prove that the set  1,..., ,mv v w  

is linearly independent if and only if ( )1span ,..., mw v v . 5 

 (b) Let V and W be finite-dimensional vector spaces over the same 

field  . Prove that dim dimV W V W  = . 5 

 (c) If S, T are invertible linear maps, show ( )
1 1 1ST T S
− − −= . 4 
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UNIT–II 

3. (a) Let V be a finite-dimensional vector space over a field  , let 

( )T V , and let  . Prove that the following are 

equivalent:   1×4=4 

  (i)   is an eigenvalue of T 

  (ii) T I−  is not injective 

  (iii) T I−  is not surjective 

  (iv) T I−  is not invertible 

 (b) Over  , prove that every operator ( )T V  has an eigenvalue.

     5 

 (c) Let V be a finite-dimensional vector space and ( )T V . 5 

  (i) Suppose T is diagonalizable. Prove that 

   null rangeV T T=  . 

  (ii) Prove the converse of (i) or give a counterexample to the 

   converse. 
 

4. (a) Let V be a finite-dimensional complex vector space and let 

( )T V . Prove that there exists a basis of V with respect to 

which the matrix of T is upper triangular. 5 

 (b) Let ( )T V  and let 0v   be an eigenvector of T with 

eigenvalue  , i.e., Tv v= . Let ( )p P   be a polynomial. 

Prove that ( ) ( )p T v p v=  .  4 

 (c) Let V be a finite-dimensional complex vector space and let 

( )T V . Prove that T is diagonalizable if and only if 

( ) ( )null rangeV T I T I= −  −  for every  . 5 

UNIT–III 

5. (a) Let ( )T V  with dimn V= . Prove that the sequence of null 

spaces stabilizes at step n, i.e. 

( ) ( ) ( )1 2n n nT T T+ += = =null null null . 4 
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 (b) Let ( )T V , let m , and suppose v V satisfies 1 0mT v−   

but 0mT v = . Prove that the list 2 1, , , , mv Tv T v T v−  is linearly 

independent.   5 

 (c) Define ( )3T    by ( ) ( )1 2 3 2 3, , 4 ,0,5T z z z z z= . 5 

  (i) Find all eigenvalues of T, the corresponding eigenspaces, 

   and the corresponding generalized eigenspaces. 

  (ii) Show that 3  is the direct sum of the generalized 

   eigenspaces corresponding to the distinct eigenvalues of T. 
 

6. (a) Let ( )4N    be the nilpotent operator defined by 

( ) ( )1 2 3 4 1 2 3, , , 0, , ,N z z z z z z z= . Find the characteristic 

polynomial and the minimal polynomial of N, and justify your 

answers.   5 

 (b) Let V be a complex vector space and ( )T V . Let q be the 

characteristic polynomial of T. Prove that ( ) 0q T = . 5 

 (c) Let 3 3:N →  be nilpotent with 3 0N =  and 2 0N  . 

Determine the Jordan form of N and exhibit one Jordan basis. 4 

UNIT–IV 

7. (a) Let p > 0. Prove that there exists an inner product on 2  whose 

induced norm satisfies ( ) ( )
1

,
p p p

x y x y= +  for all 

( ) 2,x y   if and only if p = 2. 4 

 (b) Let V be a finite-dimensional inner product space and let 

:V →   be a linear functional. Prove that there exists a 

unique vector u V  such that ( ) ,v v u =  for all v V . 5 

 (c) Let  ( )1,1C −  be the vector space of continuous real-valued 

functions on  1,1−  with inner product ( ) ( )
1

1
,f g f x g x dx

−
=   

for  ( ), 1,1f g C − . Define the linear functional 

 ( ): 1,1C − →   by ( ) ( )0f f = . Show that there does not 
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exist  ( )1,1g C −  such that ( ) ,f f g =  for every 

 ( )1,1f C − .   5 
 

8. (a) Let V be a finite-dimensional inner product space and let 

U V  be a subspace. Prove that V U U ⊥=  . 5 

 (b) Let V be a complex inner product space and ( )T V . Prove 

that T is self-adjoint if and only if ,Tv v   for every v V .

     5 

 (c) Make ( )2P   into an inner product space by 

( ) ( )
1

0
,p q p x q x dx=  . Define ( )( )2T P   by 

( )2

0 1 2 1T a a x a x a x+ + = .  Show that T is not self-adjoint with 

respect to this inner product.  4 

UNIT–V 

9. (a) For a bilinear form :B V V →  and ,x y V , define 

( ) ( ),Lx t B x t= , ( ) ( ),Ry s B s y= . 4 

  (i) Show : LL x x  and : RR y y  are linear maps *V V→ . 

  (ii) Define kerLV L⊥
=  and kerRV R⊥

= . If B is symmetric, 

   Prove L RV V⊥ ⊥
= . 

 (b) Let B be a bilinear form on a finite-dimensional V with matrix 

( )i jb  in some basis. Prove the equivalences: 5 

  (i)  0LV ⊥
=  

  (ii)  0RV ⊥
=   

  (iii) ( )i jb  is invertible 

 (c) Assume B is a symmetric bilinear form on V. Show that the 

induced form : / /B V V V V⊥ ⊥ →  , 

( ) ( ), ,B x V y V B x y⊥ ⊥+ + = , is well defined, symmetric, and 

nondegenerate.   5 
 

 



– Page 5 of 5 – 

10. (a) (i) If B is a symmetric bilinear form on V, show 

   ( ) ( ): ,Q x B x x=  is a quadratic form. 

(ii) Let ( )i jA a=  be the matrix of a symmetric bilinear form B 

in a basis  ie . Express ( ) ( ),Q x B x x=  in coordinates. 4 

 (b) (i) Define a positive definite Hermitian form. Explain why 

 every positive definite Hermitian form is an inner product. 

  (ii) Let ( ) ( )1 1,..., , ,..., , orn nx x x y y y= =  =  , and 

 define ( ) 1 1, ... n nH x y x y x y= + + .Show that H is a Hermitian 

form on nF  and that it is positive definite. 5 

 (c) Let H be nondegenerate. Show that the set of H-unitary 

operators on V forms a group under composition (the H-unitary 

group). Furthermore, prove that for any H-unitary operator T, 
1 *T T− = , where *T  is the adjoint with respect to H. 5 

 

 

____________________ 




