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Answer five questions, taking at least one from each unit.
UNIT-I

1. (a) Prove thata group G is abelian if and only if (ab)_1 =a'b”" for
allaand b in G. 5
(b) Ifais an element of a group G, with identity element e, and if
m, neZ ,prove that ™" =a™-a". 5
(¢) Prove that the set of all 2x 2 matrices with entries from R and
determinant +1 is a group under matrix multiplication. Is this

group abelian? 5
I Of|-1 Of|1 O||-1 O
2. (a) Prove that the set s , , of
0 1 0 1]10 -1 0 -1
four matrices forms a finite multiplicative abelian group. 5

(b) Show that the set of all complex numbers z such that ‘Z‘ =1,

forms a group with respect to multiplication of complex
numbers. 5

(c) If G is a group, then show that: 5
(1) The identity element of G is unique

(i) Forall a,heG, (ab) =b"a"
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UNIT-1I

If H is a subgroup of a group G, define the centralizer C (H ) of

H. Prove that C (H ) is a subgroup of G.

5

If H and K are subgroups of G, show that / N K is a subgroup

of G.
Show that every subgroup of a cyclic group is cyclic.

Define the center of a group. Show that the center of a group G
is a subgroup.
Let a be an element of order n in a group and let k be a positive

integer. Prove that <a"> = <ag°d(”’k)> and order of a* equals

n/gcd(n,k).

Prove that every group of prime order is cyclic.

UNIT-III

Show that every permutation of a finite set can be written as a
cycle or as a product of disjoint cycles.

If N is a normal subgroup of G and H is any subgroup of G,
prove that NH is a subgroup of G.

Let A and K be subgroups of a finite group G with H c K < G

Prove that \G:H‘:\G:KHK:H‘.

State and prove the Lagrange’s theorem for finite groups.
Let H be a subgroup of G, and let @ and b belong to G. Prove
that:

(i) aH=H ifandonlyif ae H

(i) aH =bH if and only if a €e bH

5
5

5

5

5

5

5

5

Determine whether the following permutations are even or odd:

(i (1243)3521)
) (12)(134)(152)

UNIT-1V

State and prove the first isomorphism theorem.
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(b) Prove that a homomorphism ¢ of G into G with kernel K is an
isomorphism if and only if K = {e}. 5

(c) Suppose that ¢ is an isomorphism from a group G onto a group
G . Prove that: 5
(i) ¢ maps the identity of G to the identity of G .

(i) |a|= ‘(I)(aj , where |x| denote the order of x.

(a) Prove that every group is isomorphic to a group of
permutations. 5
(b) Suppose that ¢ is an isomorphism from a group G onto a
group G . Prove that, if K is a subgroup of G, then

¢(K):{¢(k)\keK}isasubgroup of G. 5
(c) If ¢ is a homomorphism of G into G with kernel K, then show
that K is a normal subgroup of G. 5
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