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Answer five questions, taking one from each unit.

UNITH
1. (& Provethatinany group, anelement anditsinversehavethesame
order. 5
(b) Provethat the union of two subgroups of agroup G isasubgroup of
Gifandonly if oneiscontainedinthe other. 5
(¢) Provethat theorder of acyclic groupisequal totheorder of its
generator. 4

2. (a) Stateand provethefundamenta theorem of group homomorphism.
5
(b) Provethat asubgroup N of agroup G isanormal subgroup of Gif
andonly if every left coset of NinGisasoaright coset of NinG. 5
(c) Show that every permutation of afinite set can beexpressed asa

product of transpositions. 4
UNITHI

3. (a) Explaingroup action by conjugation. 4
(b) Stateand prove Cayley'stheorem. 6

(o) If Gisafinitegroup, show that Gisap-groupif andonly if order of
Gis p". 4
4. (a) Stateandprove Sylow’sfirst theorem. 7
(b) Provethat thedihedral group D_has2nelements, 7
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5. () Show that no group of order 30issimple.
(b) Show that therelation of conjugacy isan equivaencerelation. 5

(0) If G, and G, aretwo groups, show that G, x G, isabelianif and
only if both G, and G, are abelian. 5

6. (8 Findall theconjugateclassesinS, and verify theclassequation. 7
(b) How many abelian groups (up to isomorphism) arethere of order
15? 4
(¢) What isthesmallest positiveinteger nsuchthat therearetwo
nonisomorphic groupsof order n?Namethetwogroups.  2+1=3

UNITHV
7. (a) Definecharacteristic of aringand show that the characteristic of an
integral domainiseither zero or aprime. 5
(b) Provethat thesumof twoidealsof aring Risasoanidea of R
containing both theidedls. 6
(¢) Provethat theonly homomorphismsfromthering of integers Z to Z
aretheidentity and the zero mappings. 3
8. (a) Showthat R[x]/ (X’ +1) isafield. 4
(b) Provethat every EuclideandomainisaPID. 5
(c) ShowthatinaUFD andementisprimeif andonlyif itisirreducible.
5
UNIT-V
9. (@ If Fisafield, provethat F[x] isaPID. 5
(b) Provethat any polynomia whichisreducibleover rationa numbers,
isreducibleover integers. 5
(c) Stateand provethefactor theorem. 4
10. (8) Stateand proveEisenstein’scriterionfor irreducibility. 5
(b) Show that the polynomial x2+ x + 2isirreduciblein Z, [ x] and use
ittoconstruct afield of 9 elements. 5
(c) Show that thepolynomial xP1+ xP2+...+ x +1isirreducible over
Q. 4




