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Answer five questions, taking one from each unit.

UNITH
[x=]
1+[x—y|
(b) Provethat #]0,1] = ¢, wherecisthecardinality of R .

(©) IsR compact?Justify.

1. (@ For x,ye R,doesd(x,y)=

N

defineametric? Justify.

2. (8 Provethat theunion of two countable setsiscountable.
(b) Prove/disprove: Every subset of adiscrete metric spaceisopen.

(c) Provethatthe cardinality of R isequal to 2%, where X isthe
cardinality of acountable set. 6

A D 01 O1

UNITHI

3. () Provethat aseriesof nonnegativetermsconvergesif andonly if the
sequenceof itspartial sumsisbounded. 6

(b) Let & = a, =...>0. Provethat theseries Zan convergesif and

onlyiftheseries Y 2“a,, converges. 8
k=0



. () Prove/disprove: Thelimit of aconvergent sequence (x, ) issameas

thelimit point of itsrange. 3

(b) Provethateisirrational. 5

(c) Show that the product of two convergent seriesmay diverge. 6
UNITHII

. (& FormetricspacesX and, provethat afunctionf iscontinuousfrom
XtoYif and only if for every openset EinY, f < (E) isopeninX.
6

(b) Giveanexampleof afunctionf whichisdifferentiableatxbut f” isnot

differentiableat x. 4
(c) Show that the mean valuetheoremisnot valid for complex-valued
functionsingenerd. 4

. (8@ If Xiscompactand f : X — R iscontinuous, provethat f is

bounded. Further, provethat f attainsitsinfimum and supremum.
2+5=7
(b) Let f: X — Y becontinuous, where X, Y aremetric spaces. If Xis

compact, provethat f (X) isalsocompact. 7

UNITHV

. @ f:[ab]—>R isboundedand P, P* arepartitionsof such
that P* isfiner than P. Provethat U (P*, f ) <U (P, f). 7

(b) Iff iscontinuouson [a,b] c R andf isreal-valued, provethat isf

isintegrable. Givean exampleto show that the converse need not be
true. 4+3=7



8. (a) Provethat f :[a,b] > R isintegrableif and only if for agiven
, thereexistsa , apartition of [a,b]

with ||P|| < &, andarea number L suchthat

forall t e[x_,,% Zf ~L|<e. 7
(b) Stateand provethefundamenta theorem of calculus. 7
UNIT-V
9. (a Showthatthesequence(xze‘”x) convergesuniformly on [0, e[ .
5

(b) For sequencesof functions, describethe difference between
poi ntwise convergence and uniform convergencewithexamples. 7
(c) Giveanexampleof asequenceof functionswhich converges
intwise, but not uniformly, to somefunction. 2
8205, %X}

10. (& Let(f,), (9,) besequencesof bounded functionson A that

convergesuniformly on Atof, g, respectively. Show that ( f, +g,)

convergesunifromlyonAto f +g. 7
(b) Show that |im(x2e—“x) =0 and that |im(n2x2e—“x) =0 for

xe R,x=>0. 7




