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Answer five questions, taking one from each unit.

UNITH

1. (& LetVbeavector spaceover afield F. Show that anon-empty
subset Wof Visasubspace of Vif and only if, for each pair of

vectors o, € W and each scalar cinF, thevector ca+f3 isagain

inW. 5
(b) Show that the span of alist of vectorsinVisthe smallest subspace
of V containing al thevectorsinthelist. 5

(¢) Supposethat Te L£(V,W) isinjectiveand {o,t,,...,0,} is

linearly independent in V. Provethat {T (o), T (a,),.... T (0, )} is
linearly independentin W. 4

2. (a) If Visavector spaceover afield F, show that the zero vector in V
andthe additiveinverse of avector inV areboth unique. 5

(b) LetVandWbevector spacesover thefield F and let T bealinear

transformation formVinto W. Suppose Visfinite-dimensional, then

provethat rank(T) + nullity(T) = dim(V). 5
(c) SupposeV isafinite-dimensional vector spaceover thefield F and
STe L(V).Provethat ST= I ifandonly if TS= 1. 4
UNITHI

3. (a SupposeVisfinitedimensional vector spaceover thefieldF,
Te L£(V)andce F.Provethat cisacharacteristicvalueof Tif
andonlyif (T—cl) isnotinvertible. 5
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(b) If Aisannx nmatrix, then provethat there existsanon-singular
matrix P such that PAP isan upper triangular matrix withthe

characteristic valuesonthediagond. 5
-1 3 0 -1 2 0

() Showthatmatrices A=| 0 2 O |andB=| 0 -1 O|ae
2 1 -1 0O 0 2

similar matricesover C.

. (@ LetVbeafinitedimensiona vector spaceover thefield F and let
T € L£(V).Provethat T satisfiesat |east one polynomial of positive
degreeover F. 5
(b) Let T bealinear operator on an n-dimensional vector spaceV.
Provethat the characteristic and minimal polynomiasfor T havethe
sameroots, except for multiplicities. 5
(c) DefineTe £(R®) by
T(X,y,2 = (7x—4y + 10z, 4x -3y + 8z, —2x+ y—12). Find the
characteristic valuesof T and an ordered basis 3 for R® suchthat

[T], isadiagonal matrix. 4

UNITHII

. (8 Let Tbealinear operator on R* whichisrepresentedinthe
5 -6 -6
standard ordered basisby thematrix A=|-1 4 2 |.Prove
3 -6 4
that T isdiagonalizable by exhibiting abasisfor R?, each vector of
whichisacharacteristic vector of T. 5
(b) If Visafinitedimensiona vector spaceand W, W,, ..., W, are
subspacesof V. Let W= W, + W, +...+ W, , then show that the

followingareequivaent: 5
i) W,W.,,..., W areindependent

(i) Foreach j,2< j <k,W, n(W,+..+W,_,)={0}



(i) If B isanorderedbasisfor W, 1<i <k thenthe sequence

B={B,..,3} isanordered basisfor W.
(c) LetEbeaprojectiononVand Te L . Provethat both range and the
null space of E areinvariant under Tif andonly if TE= ET. 4

. (@ LetTe £(V). Supposec,, C,,..., C_ aredistinct characteristic values
of Tand o, 0.,,...,0,, arecorresponding characteristic vectors.
Provethat o, 0.,,..., 0, arelinearly independent. 5

O If V=W eW, ®...&W,, then provethat thereexist k linear
operatorsk , E,, ..., E onVsuchthat 5

1 =2

() eachE isaprojection
(i) EE = 0ifi#]
(i)l =E +E,+.+ E
(iv) therangeof E isW
11 2
(c) Reducethematrix A={1 2 1| toJordancanonica form. 4
01 3

UNITHV

. (a) Suppose o and B aretwo vectorsinaninner product spaceV, then
show that [, B)| < o [|B]| . Under wht conditionsisthe inequality

anequaity? 5
(b) If Visaninner product space, provethat Te £ (V) isnorma if and
only if |[T (o) = [T * ()| forall e V. 5

(¢) Supposec,,c,, ..., c arescalarswith absolutevalue 1 and Se £ (V)
satis‘i&sS(e]) =ce for someorthonormal basis

€,€,,...,€ of V. Show that Sisanisometry. 4

. (8) SupposeU isafinite-dimensiona subspaceof aninner product
spaceV, thenprovethat U = (U *)*. 5
(b) SupposeVisaninner product spaceand T € £(V)isHermitian.

Provethat characteristic vectorsof T corresponding to distinct
characteristic valuesareorthogonal. 5
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(¢) Provethatif Visacomplex inner product space, then

<0€,B>:II0€+BII2;IIOC—BIIZ+II06+i[3II2;Iloc—iBIIZi
fordl o,pe V. 4

UNIT-V
9. (a) Provethatthemapping B: 7 (R)x P (R)— R defined by
B(p,q)= j: p(X)q(x)dx isabilinear formon 7 (V). Writethe

matrix of B with respect to the standard basisof 7 (RR). 5

(b) LetVbeafinite-dimensional vector spaceover afield of
characteristic zero, and let B beasymmetric bilinear formon V.
Provethat thereisan ordered basisfor Vin which B isrepresented
by adiagona matrix. 5

(©) Letfbetheformon R? defined by
(X, Y),(X,1 ¥,)) = XYy, + X,Y,. Find the matrix of f with respect to
thebasis{(1, 2),(3,4)}. 4

10. (@) LetVbeavector spaceover thefield F of characteristic # 2. Then
provethat themapping f : B — Q, where Q(x)=B(x,x),xeV,
from the set of symmetric bilinear formson Vinto the set of quadratic
formsonVisal-1 correspondence. 5

(b) Let Vbeacomplex vector spaceand H aformonV such that
H (o, at) isreal for every ace V . Provethat H ishermitian. 5
-2 3 5
(0 Lee A=| 3 1 -—1|.Showthatthereexistsaninvertiblematrix
5 -1 4

P suchthat P*AP isdiagonal. 4




