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Answer five questions, taking one from each unit.
UNITH

1. (a) Consider the equation y"+a y'+a,y=0,wherea,a, are real.
Suppose o+ i} is a complex root of the characteristic polynomial,
where o, arereal, B # 0. Then show that
(1) o—ip isalsoaroot
(i) any solution ¢ may be written in the form

o(x) =€"(d, cospx+d, sinBx) where d,, d, are constants.
Find the value of a3 . 3+3+2=8
(b) Let | be the interval 0 <x< 1. Find a function ¢ which has a
continuous derivative on —eo < X < oo, which satisfies y"=10 in|

and y"+k*y =0 outside I, (k > 0), and which has the form
o(x) =€e® + Ae™, (x<0) and ¢(x) = B, (x=1). Determine

¢ by computing the constants A, Band its valuein . 6

2. (a) Let ¢, be any function satisfying the boundary value problem
y"+n’y=0, y(0)=y(2n), y'(0) = y'2n), (n=0,1,2,...) then

2n
show that jq)n(x)q)m(x):o if n=m. 4
0

(b) Suppose ¢,,d, are linearly independent solutions of the constant
coefficient equation y"+ay'+a,y =0, show that W(¢,,0,) isa
constantif and only ifa = 0. 4
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(c) Let L(y)=Yy"+aYy'+a,y where a, a, are constants, and let the

characteristic polynomial be p(r)=r>+ar +a,.NowifA o are
constants and p(ct) # 0, show that there is a solution ¢ of

L(y) = Ae™ of the form Be™ where Bis a constant and compute

the particular solution of L(y)= Ae* if p(a)=0. 2+4=6
UNITHI

3. (a) Prove thatthere exits nlinearly independent solution of L(y)=0on.

4

(b) Consider the equation y"+ 1 y'— Lz y=0 forx>0,then
X~ X

(1) show that there is a solution of the form X, where r is a constant
(i) find the two solutions ¢,, 9, satisfying ¢, (1) =1,0,(1) =0;
() =Lo;(H)=1. 4
(c) Consider the equation y"+ a(X)y =0, where o is areal valued

continuous function for () < x <« . Now, if oi(X) > € for 0 < x < o,
where ¢ is a positive constant, show that every real valued solution
has an infinity of zeroson () < X < oo 6

4. (a) Let ¢,,...,0, be nlinearly independent solution of L(y) =0 onan
interval |. If ¢ is any solution of L(y)on | it can be represented in
the form ¢ =c¢, +...+C,0,,, where C,...,C, are N constants. Then

prove that any set of nlinearly independent solutions of L(y)=0
on| is abasis for the solution of L(y)=0 onl. 4
(b) Consider the equation y"+ ou(X)y = 0 where ais a continuous

function on —eo < X < oo which is of period & > 0 and let ¢,,, be
the basis for the solutions satisfying ¢,(0)=1,¢,(0)=0;

¢7(0)=1,0,(0) =1, then show that
(i) thereis at least one non trivial solution ¢ of the period & ifand

onlyif ¢, (§) +¢,(§) =2. 3
(i) thereexista one non trivial solution ¢ satisfying
O(x+&) = —0(x) if and only if ¢, (§) + ¢, (€) =-2. 4
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(c) Let ¢,y be two real valued linearly independent solutions of
y"+a(X)y =0 ona<x<b, where o is areal valued. Show that
between any two successive zeros of ¢ there is a zero of V. 3

UNITHII

. (a) Onesolution of X*y"—xy'+y =0, (X>0) is ¢,(X) = X. Find the

solution Wof x*y"—xy'+y=x*,satisfying w(1)=1, y'(1)=0. 6
(b) Find two linearly independent power series solution of the equation
L(y) = y"-xy =0.And show that the solutions are convergent. 8

. (a) Find two linearly independent power series solution (in powers of X)
of y"-xy'+y=0. 5
(b) The equation y"+e*y =0 has a solution of the form
o(x) = kZ:(; ¢ X which satisfies $(0)=1, ¢'(0)=1.Computec,C,,

C,, C,, C,, C,. 4

1
(c) Show that j P.(X)P,(x)dx = 0,(n = m) whereP_is the n"

-1
Legendre polynomial. 5

UNITHV
Solve the equati y'—l(xw_ljz 3
. (a) Solve the equation 2 Txe2
(b) Find an integrating factor for each of the following equations and
solve them
i 2y’ +2)dx+3xy’dy=0 3

() (5x°y* +2y)dx+(3x'y+2x)dy=0

(c) Consider the equation M (X, y)dx+ N(X, y)dy =0, where M, N
have continuous first partial derivatives on some rectangle R Prove
that the function Uon R having continuous first partial derivatives, is
an integrating factor ifand only if u (aﬂ - B_Nj u_ M M

dy  oX oX oy
onR 4
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8. (a) Foreach of'the following problems compute the first four successive
approximation: 3x3=9
@ y'=x+y,y0)=0 @ y'=1+xy, y(0)=1
(ii)) y'=y*, y(0)=1

(b) Consider the equation y'=(3X* +1)cos’ y+(X* —2X)sin2y on

thestrip S, :| X|<a (a>0).If f(X,y) denotes the right side of this
equation, show that f (X, Y) satisfies a Lipschitz condition on this
strip, and hence show that every initial value problem y'= f(X,y),
Y(X,) =Y, , has a solution which exit for all real X. 5

UNIT-V

9. (a) Findall the solutions of the following equations for | X |> 0
O Xy"+xy'+4y=1 4x2=8
(i) X°y"+xy'-4mny =X
(b) Let L(y) = x*y"+ axy'+ by where a, bare constants, and let q be
the indicial polynomial q(r)=r(r —1)+ar +b. Then
(i) Show that the equation L(y)= x* hasa solution ¥ ofthe form

y(x)=cx“ if q(k) 0. 3
(i) Suppose Kis a root of q of multiplicity one. Show that there is a

solution ¥ of L(y) = x* of the form w(x) = cx* log X. 3

10. (a) Find the solution near X=0of X*y"+(X+X*)y'+(x—=9)y=0. 10
(b) If J, denotes the Bessel's function of first kind, then prove that

(0 =(=D"I,(%). 4




