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Answer five questions, taking one fromeach unit.

UNITH

1. (8 Provethatthelinear Diophantineequationax+ by = chasa
solutionif and only if d|c, whered = gcd (a, b). If x , y, isany
particular solution, deriveaformulato obtain all the other solutions.

3+2=5

(b) If pand qaredistinct primeswith a” = a(modq) and

a’=a(mod p), provethat a™ =a(mod pq) . 5

(c) If ca=cb(modn),thenshowthat a= b(modgj ,Where

d= gcd(c, n). 4

2. (a) Solvethelinear congruence 140x =133(mod301). 5
(b) If pisanodd prime, provethat 1° +2° +...+( p-1)° =0(mod p) .

5

(o) If pisaprimeand p|ab, then provethat p|aor p|b. 4

UNITHI

3. (a) Iffisamultiplicativefunctionand F isdefined by F(n):z f(d),
djn
then show that F isalso multiplicative. 5
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(b) If bothgandtheDirichlet productof fand g, f * g, are

multiplicative, then provethat fisalso multiplicative. 5
() Show that thefunctionst and ¢ aremultiplicativefunctions. 4

. (@ If Fandfaretwo number theoretic functionsrelated by theformula

=3 f(d),thenshowthat F (n)=> p(d) ( ] 5

djn din
(b) If nisasquarefreeinteger, provethat t(n) = 2", wherer isthe
number of primedivisorsof n. 5
() TheLiouvilleA-functionisdefinedby A(1) = 1and

A(n) = (=D*He** if theprimefactorization of nis
n=ppy... p* . Provethat A multiplicative. 4
UNITHII

. (& If nandr arepositiveintegerswith 1<r < n, then provethat the

binomial coefficient"C isaso aninteger. 5
(b) If n>1andged(a, n) = 1, thenprovethat a*” =1(modn). 5
(¢) Show thatif gcd(a, n) = gcd(a—1,n) =1, then
1+a+a®+...+a"" ™ =0(modn). 4
. (&) Iftheinteger n>1 hastheprimefactorization n= pf pk ... p*,
thenshow that D 1(d)¢(d)=(2-p,)(2-p,).-.(2-p,). 5
d|n
(b) Provethat n=>¢(d), for each positiveinteger n>1. 5
djn
(c) Forwhat valueof ndoesn! terminatein 37 zeros? 4
UNITHV
. (& If theinteger ahasorder kmodulonand h > 0, then provethat the
order of a"modulonis k. : 5
ged(h,k)
(b) Show that theinteger 2<hasno primitiverootsfor k > 3. 5



(c) EvauatetheLegendresymbol (%] and the Jacobi symbol

(ﬂ) 4
221

8. (a) If pisanodd prime, then show that

[2]_{ 1 if p=1(mod8)or p=7(mod8)

p) |-1 if p=3(mod8)or p=5(mod8) S
(b) If pisanodd prime, show that f(%j:o. 5
a=1
(c) If pisanodd prime, show that X" %+ x"°+...+ x+1=0(mod p)
hasexactly p—2incongruent solutions. 4
UNIT-V

9. (8 Theciphertext BSFMX KFSGR JAPWL isknown to haveresulted
from aVigenere cipher whosekeywordisY ES. Obtainthe
deci phering congruencesand writethe message. 5
(b) Provethat theradiusof theinscribed circleof aPythagoreantriangle
isalwaysaninteger. 5
(©) Ifx,y, zisaprimitive Pythagorean triple, provethat x + yand x—y
arecongruent modulo 8toeither 1 or 7. 4

10. (8 Theciphertext message produced by the RSA agorithmwith
key (n, K) = (2573, 1013) is0464 1472 0636 1262 2111.
Determinetheorigina message. 5
(b) Provethat theareaof aPythagoreantriangle can never beequal toa
perfect (integral) square. 5
(©) Ifx,y, zisaprimitive Pythagorean triple, then one of theintegersx
oryiseven, whiletheother isodd. 4




