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Answer five questions, taking one from each unit.

UNITH

. (@) Defineinner automorphism of agroup G and determinetheset of al
inner automorphismsof thedihedral group D, of order 8. 4

(b) Let Hbeanormal subgroup of K and K be acharacteristic subgroup
of G. Then give an exampleto show that H need not benormal in G.

4
() Let a,b,ce G.Provethat [a,bc]=[a,c](c™[a,b]c). 3

(d) If pisanodd prime, then provethat the automorphism group of the
cyclic group of order pisof order p—1. 3

. (@) Ifagroup GisisomorphictoH, provethat Aut(G) isisomorphicto
Aut(H). 4
(b) Let G beagroup with subgroupsH and K withH<K. 3+3=6

(i) Provethatif HischaracteristicinK andK isnorma inGthenH

isnormd inG.

(i) Provethatif HischaracteristicinK andK ischaracteristicin G
thenH ischaracteristicin G.

(c) Provethatif x,ye G then[y, X] =[x, y]™*. Deducethat for any

subsetsAand B of G, [A, B] =[B, A]. 4
UNITHI
. (@ Letsandtberdatively prime. Provethat U(st) isisomorphictothe
external direct product of U(s) and U(t). 5
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(b) Proveor disprove: 4
Any finitegroup G of prime-power order can bewrittenintheform

<a>>< K , whereaisanelement of maximumorderin GandK isa

subgroup of G.
(c) Show that themultiplicative group of nonzero real numbersisan
internal direct product of two nontrivia subgroups. 5

. (& Provethat theinternal direct product of two subgroupsH and K of a
group Gisisomorphictotheexterna direct productof HandK. 5

(b) Provethat any abelian group of order 45 hasan element of order 15.
4

(c) Determinethenumber of automorphismsof order 12inAut(Z.,, ).
5

UNITHII

. (@ Let Gbethedihedral group D, of order 8. 3+4=7

(i) If Aisthesetof al left cosetsof asubgroup Hin G, show that G
actsonA.

(i) LetHandV bethehorizontal and vertical axesof symmetriesof
asguare. Show that G actson{H, V} and determinethe kernel
of thisaction.

(b) Provethat thesymmetricgroup S actstrangtively initsusual action

aspermutationonA={1, 2, 3,4, 5}. 3

(c) Show that thekernel of an action of thegroup G ontheset Aisthe
sameasthekerne of the corresponding permutation representation

G—-S,. 4

. (8) Definekernel of theaction of agroup G onaset A. Show that the
additivegroup R actsonthexy-plane R xR by
r.(x,y)=(x+ry,y),wherere R and (x,y)e RxR. 1+3=4

(b) Let Gbeafinitegroup actingonaset A. For each ac A, let O,
denotetheorbit of G containing aand G, denotethe stabilizer of ain
G. Provethat |G| = |G| O, | 5



(©) LetG=S,fixie{123...,n} andlet G ={ce G|o(i)=i].
Usegroup actionto provethat G, isasubgroupof G.Find|G|. 5

UNITHV

7. () If Gisagroup of odd order, provefor any non-identity element
xe G that x and x* are not conjugatein G. 5
(b) Foragroup Gwith|G|> 1, verify if G actstrangitively onitself by
conjugation. Also, provethat theoneelement set { a} isaconjugacy
classif and only if aisinthecentreof G. 2+3=5

(©) Let o beanm-cycleinthesymmetricgroup S. Thenif Cg (o) is

thecentralizer of ¢, provethat C¢ (6)=m(n—m)! 4
8. (8) Determinethe classequation for non-abelian groupsof order 39 and
55. 5

(b) Findal finitegroupsup toisomorphismwhich haveexactly two
conjugacy classes. 4

(c) Let 6e A . Show that all elementsintheconjugacy classof 6 inS

areconjugatein A if andonly if ¢ commuteswithanodd
permutation. 5

UNIT-V

9. (a) Show that the centreof agroup of order 60 cannot haveorder 4. 4
(b) Let nbean odd number greater than 1. Provethat there does not
existasmplegroup of order 2.n. 5
(c) Define Sylow p-subgroup of agroup G. Let P beaSylow
p-subgroup of G. If Pisnorma in G, provethat all subgroups

generated by elementsof p-power order are p-groups. 1+4=5

10. (&) How many Sylow 5-subgroupsdoes S, have? Exhibit two. 4
(b) Let Gbeagroup of order 60. If the Sylow 3-subgroup isnormal,

show that the Sylow 5-subgroupisnormal. 5

(c) Findal normal subgroupsof S forall n>5. 5




