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Answer five questions, taking one from each unit.

UNITH

1. (a) Theset {l :ne N } has a cluster point. Justify.
n

(b) Use the definition of limit to show that lim

x> —3X
o6 X+3
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2. 5

(c) Letf be defined on (0,%0) to R . Prove that lim f (x) =L ifand

x—0"

onlyif Tim f Gj -L.

2. (a) Show that lim (x+sgn(x)) does not exist.

(b) Let Ac R ,let f : A—> Randlet ce R beacluster point of A. In
addition, suppose that f(x)>0 forall Xe A and let \/T be the

function defined for xe A by \/T (X) =/ f(x).If lim f exists,

prove that lim\/T = llxmg f.

X—C

(¢) Letfand gbe defined on (0,°<) and suppose that }(im f =Land

lim g = .Provethat lim fog=1L.

X—>o0 X—>o0



UNITHI

3. (a) Establish the discontinuity criterion. 5
(b) A function f :R — Rissaid to be additive if
f(x+y)=f(X)+ f(y),VX ye R .Prove thatiff is continuous at

some point X, then it is continuous at every point of R . 5

is uniformly continuous on R .

4

(c) Show that the function f (X):= 1 >
1+ X

4. (a) If [a,b] isaclosed and bounded interval and f :[a,b] — R be
continuous on [a,b], then show that f has an absolute maximum on
[a,b]. 5

(b) Use the nonuniform continuity criterion, to show that sin (—j 1snot
X

uniformly continuous on (0, o) . 5

(c) Let | :=[a,b] andlet f :1 — R bea continuous function on |
such that for each Xin | there exists yin | such that

| f (y)| < %| f (X)| . Prove that there exists a point ce | such
that f (c)=0. 4

UNITHII

5. (a) Findthe points of relative extrema of the following functions:
X

@ fx):= forxe R 2V5%x2=5
x> +1
(i) 900 =% 1]
(b) Establish the chainrule. 7

(c) Differentiate and simplify the function f (X) = (sin XX )m for
mke N. 2



6. (a) Let f :[a,b] > R be continuous on [a,b] and differentiable
on(a, b) . Show that if l(lig f ,(X) = A’ then f ,(a) exists and equals
A 5

(b) Let | = Rbeaninterval, ce I, f,g:1 — R be functions that are
differentiable at C. Then show that function fg is differentiable at

and (fg)'(c)= f’(c)g(c)+ f(c)g'(c). 5
(c) Letl beanintervalandlet f :1 — R be differentiable on |. Show

thatif f’ is positive on I, thenf is strictly increasing on I. 4
UNITHV
7. (a) State and prove the mean value theorem. 5

(b) Use the mean value theorem to obtain an approximate estimate of

V1I11. 5

1
(c) Evaluate: lim x*in(0,°). 4

X—>00

8. (a) Show ex<e*,Vxe R. 5
(b) Letfand gbe differentiable on an open interval | and consider

ae | . Define hon | by the rules: h(x) = f (x) for X< a and
h(x) = g(x) for x> a. Prove his differentiable at aif and only if
both f(a)=g(a) and f’(a)=g’(a) hold. 5

(c) Letf bedefined on R, and suppose | f (X)— f(y)| < (x—y)* for

all X, ye R . Provef isa constant function. 4
UNIT=V
9. (a) Approximate the number ewith error less than10~ . 5

(b) Use Taylor’s theorem to show that 1—% x* <cosX forall xe R. 5



(c) Let f(X):=cosaxfor xe R where a#0.Find f™ for
ne N, xe R. 4

10. (a) Let | < R beanopeninterval,let f : 1 — R be differentiable on I,
and suppose that f”(a) existsat a€ | . Show that

fat+h)-2 Lga) +f@-h Give an example where
this limit exists, but the function does not have a second derivative at
a 5
(b) Compute Taylor’s series for cos X about 0.

f'(a)= Ll{)l’ol

(c) Obtain the inequality e > it® applying Taylor’s theorem. 4




