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Answer five questions, taking one from each unit.

UNITH
1. (a) Findall the complex numbers zsuch that | Z|=1 and é + . 1. 5
Z z
(b) Prove that sin 5t =16sin’ t —20sin’ t + 5sint and
cos 5t =16cos’t—20cos’ t+5cost 5
(c¢) Find the third root of the number z=1 —1i. 4

2. (a) Suppose z =r,(cost, +isint,) and z, =r,(cost, +isint,) =0,

then show that 2 =1L [cos(t, —t,) +isin(t, —t,)]. 5
r2
(b) Show that the common roots of Z"— 1 =0 and Z'— 1 = 0 are the
roots of 22— 1 =0, where d= gcd(m, n). 5
(c) Compute (1 + i)', 4
UNITHI
3. (a) Forafixed ke N, define arelation Ron Z as 'mRn < m—n isan
integral multiple of k. Prove that Ris an equivalence relation. 5
(b) Show that (0, =) and R have the same cardinality. 5
(c) Find the remainder when 41%is divided by 7. 4
4. (@) Define f:N—>N by f(my={ 1 miseven o thatf i
. N—> =
(8) Define y m+l ifmisodd oo e
abijection and find its inverse. 5
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(b) Using the principle of mathematical induction, prove that
1 1 1 n
—t—t..+ = :
-3 35 2n-1)(2n+1) 2n+1
(c) Using division algorithm establish that the square of any integer is

either of the form 3k or 3k+ 1. 4
UNITHII
3
(a) Determineifb=| —7 | is alinear combination of the vectors formed
-3
1 4 2
by the columns of the matrix A= 0 3 5 |. 5
-2 8 —4
(b) Determine ifthe columns of the following matrix span R* : 5
12 -7 11 -9 5
-9 4 -8 7 3
-6 11 -7 3 -9
4 -6 10 -5 12
(c) Determine ifthe following system is consistent: 4
X, —4x, =8
2X —3X, +2X =1

4x —8x, +12x, =1
6. (a) Apply elementary row operations to transform the following matrix
first into its echelon form and then into reduced echelon form:

0 3 -6 6 4 -5
3 -7 8 -5 8 9
3 -9 12 -9 6 15

(b) If Ais an mx nmatrix, then show that, for each be R™, the
equation AX = b has a solution if and only if Ahas a pivot position in

5

every row. 5



(c) Suppose an economy has only two sectors, goods and services.
Each year, goods sells 80% of its output to services and keeps the
rest, while services sells 70% of its output to goods and retains the
rest. Find equilibrium prices for the annual outputs of the goods and
services sectors that make each sector’s income match its
expenditures. 4

UNITHV

(a) Show that an indexed set S= {v,..., Vp} of two or more vectors is
linearly dependent if and only if at least one of the vectors in Sis a
linear combination of the others. 5

(b) Let T(X,, X)) = (3X, + X,, 5X, + 7X,, X, + 3X)). Show that Tis a
one-to-one linear transformation. Does Tmap R* onto R*? 3+2=5

(¢) Findthe inverse of the matrix: 4

1 2 1
4 -7 3
2 6 -4

(a) Define a linear transformation. If T is a linear transformation, then
prove that: 1+2+2=5
i T0)=0
@) T(cu+dv)=cT (u)+dT(v), forall vectors u, vV in the domain
of T and all scalars c, d.

(b) Let Abe a square matrix, prove that Ais an invertible matrix if and

only if ATis an invertible matrix. 5
(c) Find the value(s) of h, justifying your answer, for which the following
vectors are linearly dependent: 4
1L{|-2]]3
50L/-91,| h
=311 6|9



UNIT-V

9. (a) Show that similar matrices have the same charateristic polynomial. Is

the converse true? Justify. 5
4 -1 6
(b) Show that 2 is an eigenvalue of the matrix A=|2 1 6 |.Finda
2 -1 8
basis for the corresponding eigenspace. 2+3=5
(c) Determine the rank of the matrix: 4
2 5 3 4 8
4 7 -4 -3 9
6 9 -5 2 4
0 9 6 5 -6
4 5 9 2
10. (a) IfA=|6 5 1 12| then find a basis for Col Aand a basis for
3 48 3
Nul A. 5
(b) Prove that an n x nmatrix Ais invertible if and only if 0 is not an
eigenvalue of A. 5

(c) Show that the null space of an mx nmatrix Ais a subspace of R".
4




