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Answer five questions, taking one from each unit.

UNIT-1
1. (a) Show thatif B be a basis for topology on X, then the collection
B' = {B NY:Be B} is a basis for subspace topology on Y. 5

(b) If T and 1’ are topologies on Xand 1 is strictly finer than t, what
can you say about the corresponding subspace topologies on the

subset Y of X'? _ 5
(c) Let Ybeasubspace of X. Let 4 be asubsetof Y. Let 4 in X. Then,
prove that the closure of 4 in Yequals 4ANY . 4

2. (a) Showthatif A isabasis for a topology on X, then the topology
generated by A equals the intersection of all topologies on Xthat

contain A . 5
(b) Arelower limit topology and standard topology on | comparable?
Justify. 5
(c) Show that a subspace of a Hausdorff topological space is Hausdorff.
4
UNIT-II

3. (a) LetXand X' denote a single set in the two topologies T and t’,
respectively. Let i : X' — X be the identity function.
(i) Show thati is continuous <> t'is finer than 7. 3
(i) Show thatisahomeomorphism <> t=1'. 3
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(b) Define the quotient topology. Let 4 ={a,,a,,a;}and p:; — 4 is
defined as follows:
a, ifx>0
p(x)= a, ifx<0
a, ifx=0
Obtain the quotient topology on 4 induced by p. 4
(c) Let p: X — Y be an open map and let 4 be an open subset of X.

Prove thatthemap ¢: 4 — p (A) obtained by restricting p is also
an open map. 4

4. (a) Show that the subspace (a,b) of ;| ishomeomorphic with (0,1).
5
(b) Show thatif f: 4 — X x Y isdefinedas f (x)=(f,(x). /,(x))
then fis continuous ifand onlyif f,: 4 - X and f,: 4 — Y are
continuous. 4
(c) Let {Aa} be a collection of subsets of X;let X =4 . Let
g: X — Y ;supposethat g | 4, iscontinuous for each a.
(1) Show thatifthe collection {Aa } is finite and each set 4, is

closed, then g is continuous. 3
(i) Find an example where the collection {AOL } is countable and
each 4, is closed, but g is not continuous. 2
UNIT-I1I

5. (a) Prove that the image of a connected space under a continuous map is

connected. 4

(b) Define a path in a topological space X. When is a space X called
path connected? Show that a path connected topological space X is
connected. 1+1+4=6

(c) Let {Aa } be a collection of connected subsets of X; let A be a
connected subset of X. Show thatif 4" 4, # & forevery o, then
AU (U4, )is connected. 4

6. (a) Define alinear continuum. Prove that if L is a linear continuum in the
order topology, then L is connected. 2+5=7
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(b) Isthe space (i , T, ) connected? Justify your answer. 2
(c) If Xisatopological space, each component of X lies in a component
of X. If X'is locally path connected, then prove that the components

and the path components of X are the same. 5
UNIT-1V

7. (a) Prove that every compact subset of a Hausdorfftopological space is

closed. 5

(b) Show that a finite union of compact sets is compact. 4

(c) Let X'be acompact topological space and Y an ordered set in the
order topology. If f : X — Y is continuous, then show that there

exists a point p such that f (x) <f ( p) forevery x e X . 5

8. (a) Provethatevery closed interval in ; 1s compact. 5
(b) Prove that the product of two compact spaces is compact. 5

(c) Show thatthe rationals = are not locally compact. 4

UNIT-V

9. (a) LetXbea space satisfying the first countability axiom. Prove that the
point x belongs to the closure 4 ofthe subset 4 of X'ifand only if

there is a sequence of points of 4 converging to x. 5
(b) Show that if X'is normal, every pair of disjoint closed sets have
neighbourhoods whose closure is disjoint. 4
(c) Prove that every metrizable space is normal. 5
10. (a) Prove the following: 3.x2=T7

(1) A subspace of aregular space is regular space.

(i) A product of regular spaces is a regular space.
(b) Show that every locally compact Hausdorff space is regular. 4
(c) Thetopological space j ,1is first countable but not second countable.

Justify. 3




