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Answer five questions, taking one from each unit.

UNIT-I

1. (a) Determine whether the following subsets of F* are subspaces of F*:
2+2=4

@ {(xl,xz,x3) eF’:x +2x, +3x, = O} ;
(i) {(x1’x23x3) eFixx,x, = O} :

(b) Prove thatalist v,,v,,...,v, ofvectors in Vis a basis of V'if and
onlyifevery v e ' can be written uniquely in the form

v=ayv, +a,v,+...+a,v, ,where q,a,,...,a, €F. 5
(c) Suppose v,,Vv,,...,v, isabasisif Vand w;,w,,...,w, is abasis of
W. Prove that £ (V, W) is isomorphic to F™” 5
2. (a) Let T e L(V,W).Prove thatrange (T') is subspace of V. 4
(b) Prove that the intersection of any finite collection of subspace of Vis
a subspace of V. 5
(c) Suppose that Vs finite dimensional and S,7 € L(V') . Prove that
STis invertible ifand only if both S'and 7'are invertible. 5
UNIT-II

3. (a) Define T e L£(F*) by T(x,»,2)=(2x+y,5y+32,8z) . Finda
basis of F* with respect to which T has a diagonal matrix. 4
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(b) Suppose Vis finite-dimensional and 7 € L(V).If A, A, ..., A, are

distinct eigenvalues of 7, then prove that

E(ML,T)+E(X,,T)+...+ E(A,,T) isadirect sum. 5
(c) Find the minimal polynomial of the operator 7 € £ (£ ’ ) defined by
T(zl,zz’z3)=(6zl+322+4Z3,622+223,7z3) 5
4. (a) Define T € £(F3) by T(zl,zz’z3) =(2z,,0,5z,). Find all
eigenvalues and eigenvectors of 7. 4
(b) Prove that every operator on a finite-dimensional, nonzero, complex
vector space has an eigenvalue. 5

(c) Suppose T € L(V) and g € P(F). Prove that ¢(7)=0 ifand
only if g is a polynomial multiple of the minimal polynomial of 7.

5
UNIT-III
5. (a) Supposethat S,7 € L (V) are such that ST =TS . Prove that
null(7'—AJ) isinvariant under S forevery A € F. 4

(b) Suppose Vis a complex vector space. If T € L (V) , then prove that
there is a basis of V' that is a Jordan basis for 7. 5

(c) Suppose Vis a complex vector spaceand T € L (V) . Let g denote
the characteristic polynomial of 7. Then show that ¢ (T ) =0. 5

6. (a) Suppose Uis a finite-dimensional subspace of "and P, denote the
orthogonal projection of / onto U. Show that P is a linear map on
V. 6

(b) Suppose Vis a finite-dimensional complex vector space and
Tel (V) . Prove that T"has an upper triangular matrix with some
basisof V. 8

UNIT-1V

7. (a) If Uisasubset of /', then prove that the orthogonal complement of
U is a subspace of V. 4



(b) Prove that ||u + v|| < ||u|| + ||v ,for u,v eV .Also, show that the
inequality is an equality if and only if one of u, v is a non-negative

multiple of the other. 5

(c) Show thatif Vis areal inner-product space, then the set of selt-
adjoint operators on Vis a subspace of £(V) . 5
8. () Provethat fu+v[" + Ju =" = 2(Ju + M) for u,v e ¥ . 4

(b) On P, (i ) , consider the inner product given by

1

(p.a)=], p(x)q(x)dx

Apply the Gram-Schmidt procedure to the basis 1, x, x* to produce
an orthonormal basis of 2 (i ) )
(c) If T € L(V, W), then prove that the adjoint of 7, 7* € L(V,W). 5

UNIT-V

9. (a) Forany vector space V, prove that the sum of two bilinear forms and
the product of a scalar and a bilinear form on V are again bilinear
formson V. 7

(b) Let V'be a vector space of dimension n over F. Then prove that
there is a one-to-one correspondence between the set of bilinear
forms on V and the set of nxn matrices over F. 7

10. (a) Defineafunction H :j *xj > — by
H ((al’a2 ) ,(b,,b, )) =2a,b, +3a,b, +4a,b, —a,b, for
(al,a2 ),(bl,bz) ej °. Verify that H is a bilinear formon j °. 5
(b) Determine the matrix of H defined above with respect to the ordered
basis (1,1),(1,—1) and also with respect to the standard basis of
2
[ 4
(c) Let Hbe ahermitian form on V. Then prove that a linear mapping 7’
of Vinto itselfis H-unitary if and onlyifH(T(x),T(x)) =H|(x,x)
forall xe V. 5




