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Answer five questions, taking one from each unit.

UNIT-1
1. (a) Find the remainder when the 1° +2° +3° +...+99° +100°
is divided by 4? 4
(b) Determine all solutions in the positive integers of the Diophantine
equation 54x+ 21y =906. 5
(c) State and prove the Wilson’s theorem. 1+4=5
2. (a) Prove that there are infinite number of primes. 4
(b) Find anumber that leaves the remainders 2, 3, 2 when divided by
3,5, 7 respectively. 5
(c) Using Fermat’s theorem, if p is an odd prime, prove that 5

1774277 437 L+ (p —l)”_1 =—1(mod p)

UNIT-1I

3. (a) Prove that for each positive integern > 1, 4

z (d) = 1 ifn=1
Y70 it n> 1

where d runs through the positive divisors on 7.

(b) If n=p,"* p,"*...p," is the prime factorization of 1 > 1, then prove

k+l ky+l k+l
that G(n):(pl 1](”2 lj...(pr lj. 5
p -1 p,—1 p,—1
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(c) Prove that the Dirichlet product is commutative as well as
associative. 5

(a) For each positive integer 7, show that

p(rmu(r+Hu(n+2)u(n+3)=0 4
(b) Iffand g are multiplicative functions, prove that their Dirichlet
product f* g is also multiplicative. 5
(c) Define the Mobius p-function and prove that the function pis a
multiplicative function. 1+4=5
UNIT-III
(a) Forn > 2, prove that (I)(n) is an even integer. 4
(b) Let fand F'be number-theoretic functions such that
N N N
F(n)=Zf(d).Provethat ZF(VZ)ZZf(k)[?] 5
din n=1 k=1
(c) Using Euler’s theorem, evaluate 2'° (mod 77). 5
(a) Letxand y be real numbers. Prove that [x]+[y]<[x+ y]. 4

(b) For each positive integern > 1, prove that =" ¢(d ), the sum

being extended over all the positive divisors of n" 5
(c) Forn> 1, prove that the sum of the positive integers less than » and
. ) .1
relatively prime to 7 is 5 nd ( n) . 5
UNIT-1V
(a) Determine ifthe congruence x* = —46(mod17) is solvable. 4
(b) Find the four primitive roots of 26 and the eight primitive roots
of 25. 5
p-l a
(c) Ifpisanodd prime, then prove that Z —|=0. 5
a=1 p



8. (a) Evaluate the following Legendre symbols: 2x2=4

(=219 (29
(¥ (@j (i1) (gj

(b) If gcd(m,n) =1, where m>2,n> 2, then the integer mn has no
primitive roots. 5
(c) Prove that there are infinitely many primes of the form 4k + 1. 5

UNIT-V

9. (a) The ciphertext ALXWU VADCOJO has been enciphered with the
cipher

C, =4P, +11P,(mod 26)
C, =3P, +8P,(mod 26)

Derive the plaintext. 6
(b) Prove that the Diophantine equation x* + y* = z* has no solution in

positive integers x, y, z. 8

10. (a) Encrypt the plaintext message GOLD MEDAL using the RSA

algorithm with key (2561, 3). 6
(b) Prove that all the solutions of the Pythagorean equation x* + y* = z*

satisfying the conditions

ged(x, y,z)=12{x, x>0, y>0,z>0

are given by
x=2st, y=5"—1’, z=5"+1"

for integers s > ¢ > 0 such that gcd(s, 1) =1 and s # #(mod 2) . 8




