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1. (a) Show thatin a group G, there is only one identity element. 2
(b) Show that {1,2,3} under multiplication modulo 4 isnota group. 2
(c) Prove that the set of all 2x2 matrices with real entries and

determinant 1 is a group under matrix multiplication. 5
(d) Prove thatif (ab)*= a*b* ina group G, then ab = ba. 5
2. (a) Show that for group elements a and b, (ab)'=b"'a"". 2
(b) Give an example of group elements a and b with the property that
a'ba =b. 2
(c) Prove thatif G is a group with the property that square of every
element is the identity, then G is abelian. 5
(d) Describe in pictures or words the elements of D, 5
UNIT-II
3. (a) Whatdo you mean by order of an element in a group? Give an
example. 2

(b) Let <a > denote the set {a" | n € Z} . Show that for any element a

in G, < a > isasubgroup of G

2

(c) Suppose that a cyclic group G has exactly three subgroups: G itself,
{e}, and a subgroup of order 7. What is the order of G? What can
you say if 7 is replaced with p where p is a prime? 2+3=5
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(d) Prove that for each a in group G, the centralizer of a is a subgroup of
G 5

(a) Find the centres of the dihedral group, D , where n is even. 2

(b) Show that H = {x’ | x € G} is a subgroup of the abelian group G. 2

(c) Let Gbeagroup and H be a subgroup of G. Show that normalizer
of His a subgroup of G. 5
(d) Prove or disprove: Any group of prime order p is always cyclic. 5

UNIT-11I

(a) Let o and B belongto S . Prove that af} isevenifand onlyif a

and [ are both even or both odd. 2
(b) Give two reasons why the set of odd permutations of S isnota

subgroup. 2
(c) Everypermutation of a finite set can be written as a cycle or as a

product of disjoint cycles. 5

(d) Define alternating group. Prove that forn>1, 4 _has ordern!/2. 5

(a) Let o and B belongto S . Prove that ¢ '~'a is an even

permutation. 2
(b) Show that 4, contains an element of order 15. 2

(c) Ifthe pair of cycles o =(a,,a,,...a,) and B =(b,,b,,...b,) have no

entries in common, then show that o = o . 5
(d) Prove that every permutation in S , n>1, is a product of 2-cycles. 5

UNIT-1V
(a) Show that4 isanormal subgroup of S .
(b) Show that Z , ®Z , ® Z, has seven subgroups of order 2. 2
(¢) Let Gand H be cyclic group. Then prove that G ® H is also cyclic
ifand only if |G| and |H]| are relatively prime. 5
(d) State and prove Cauchy’s theorem for abelian groups. 1+4=5

(a) Prove thatif Hhasindex 2 in G, then H is a normal subgroup of G.
2
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(b) In Z,, ®Z,,, find two subgroups of order 12. 2

(c) Proveordisprove: Z @ Z is acyclic group. 5
(d) Let Gbe a group and Z(G) be the centre of G. Prove that if
G/ Z(G) 1s cyclic, then G is abelian. 5
UNIT-V

9. (a) Let ¢ be a group homomorphism from Gto G . Then show that
Ker ¢ is anormal subgroup of G. 2

(b) Define automorphism of a group. Let G be a finite abelian group and
G has no element of order 2. Show that the mapping g — g% is an
automorphism of G. 1+1=2

(c) State and prove the first theorem of isomorphism. 1+4=5

(d) If ¢ 1sahomomorphism from G to  and ¢ is a homomorphism
from Hto K, show that o¢ is ahomomorphism from G to K. How
are Ker ¢ and Ker o¢ related? 5

10. (a) Showthat Z / <k >=7Z, ,wherekis adivisor of n. 2

(b) Suppose that ¢ is an isomorphism from a group G onto a group G .
Then prove the following: 1x2=2

(i) ¢ carries identity of G to the identity of G .

(i) Foranyelementsaandbin G, aand bcommute <> ¢ (a) and

¢ (b) commute.
(¢c) If M and N are normal subgroups of Gand N < M , then prove that
(G/N)/M/N)=G/M . 5

(d) Prove that every group is isomorphic to a group of permutations. 5




