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Answer five questions, taking one from each unit.

UNITH

1. (a) Define the center of aring. Prove that the center of aring is a
subring. 1+4=5
(b) Let Rbe acommutative ring with characteristic p. Show that

(X+y)’P=x"+yP,Vx,ye R 5
(c) Show that the ring of integers modulo p, Z ,, is a field. 4

2. (a) Letaand bbelong to aring Rand let mand nbe integers. Prove
that m-(ab) = (m-a)b=a(m-b) and (m-a)(n-b) =(mn)-(ab). 5
(b) Let Rbe aring with unity 1. Show that if 1 has infinite order under
addition, then the characteristic of Ris 0 and if 1 has order nunder

addition, then the characteristic of Ris n. 5
(c) Define anilpotent element. If Ris aring with unity 1 and aisa
nilpotent element of R, then prove that 1 —ais a unit. 4
UNITHI

3. (a) IfAisasubring ofaring R, then prove that the set of
cosets{r + A|r € R} isaring under operations

(s+A)+(t+A) =s+t+ Aand (s+ A)(t+ A)=st+ Aifand only
if Ais anideal of R 5



(b) IfRis a finite commutative ring with unity, prove that every prime
ideal of Ris a maximal ideal of R. Comment on the converse too. 5

b
(c) Let Rz{{z d}la,b,de Z} and

S= {Lr) S} |r,s,te Z,sis even} .If Sis an ideal of R, what can
t

you say about r and S? 4
. (a) If Aand Bare ideals of a ring, show that the product of Aand Bis
also an ideal. 5
(b) Show that R[x]/<x2 +1> is a field. 5
(c) Let Rbe a commutative ring and let Abe any subset of R. Show that
the annihilator of Ais an ideal. 4
UNITHII

. (a) Provethatevery ideal of aring Ris the kernel of a ring

homomorphism of R 5
(b) Let ¢ be aring homomorphism from aring Rtoring S Let Abe a

subring of Rand B be an ideal of S Show that ¢ (A) is a subring of S

and ¢ '(B) is anideal of R 5
(c) Determine all ring homomorphisms from Z to Z. 4
. (a) LetRbearingand Ac B beideals of R. Show that :; ﬁ = g .

(b) Let nbe an integer whose decimal representation is given as
a.a ,...aa,. Prove that nis divisible by 3 if and only if
ata,_ *..+ta+a, isdivisible by 3. 5
(c) Let Rbe acommutative ring of prime characteristic p. Show that the
Frobenius map f: R — Rdefined by f (X) =XP is aring
homomorphism. 4



UNIT-HV

7. (a) Let Sbe alinearly independent subset of a vector space V and let X
be an element of V that is not in S Show that SuU {X} is linearly
dependent ifand only if x e Span(S). 5

(b) Determine if the following subsets of the vector space R for
subspaces of R’ 214x2=5
) V={(a2a3a)aecR}
(i) W={(a &, blabeR}

(c) Find anumbertsuchthat(3,1,4),(2,-3,5),(5,9,t) is not linearly
independent in R”. 4

8. (a) SupposeX, X, X,, X, are linearly independent in V. Prove that the
list X —X,, X, — X, X,— X,, X, is also linearly independent. 5
(b) LetV be the vector space of all 2x2 matrices over the field F. Let W

X
be the set of matrices of the form { } . Prove that Wis a

y z
subspace of V. 5
(c) IfVisa finitely generated vector space, then prove that every basis
of V has the same number of elements. 4
UNIT-V

9. (a) State and prove the second isomorphism theorem of linear algebra. 5

(b) Let T be a linear operator on R* defined by
T(a, b)y=(3a-b,a+ 3b) where B = {(1, 1), (1,-1)} and

B'={(2,4), (3, 1)} are the ordered basis of R*>.
Find [T]; = Q' [T1;Q where Qis the change of coordinate matrix

from B' to B coordinates. 5
(c) Let Tbe alinear transformation from V to W. Prove that T is
injective ifand only if N(T) = {0}. 4



10. (a) Ife,=(1,0)and e,= (0, 1). LetB= {e, €} and
C={e +e,e —e} betwo ordered bases of R*.
Define T: R* > R* as T(X, y) = ( X+Y, X—2y): 2+3=5
(1) Determine the matrix of T with respect to the basis B.
(i) Determine the matrix of T with respect to the basis C.

(b) Supposeb,ce R .Define T: R> = R by
T(X,Y,2)=(2X—4y+3z+b, 6 X+ cxyz). Show that T is linear if

and only ifb=c=0. 5
(c) LetVand Wbe vector spaces and T : V — Whe linear. Prove that
N(T) and R(T) are subspaces of V and W, respectively. 4




