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Answer five questions, taking one from each unit.

UNITH

1. (a) Show thatif Aand B are bounded subsets of R ,then AUB isa
bounded set. Also, show that sup(AuU B) =sup{sup AsupB}. 5

(b) Show thatthe set NxN is denumerable.
(c) Leta, b, cbe any elements of R, prove that 4
(i) Ifa>bandb>c,thena>c.
(i) Ifa>b,thena+c>b+c.

(V)]

2. (a) Findall xe R that satisfy the inequality 4 <|X+2|+|x-1|<5. 4
(b) Let S= {Ll ne N} _Find inf Sand sup S. 3
n+
(c) Prove thatthe unitinterval [0,1]:= {xe R:0 < x <1} isnot
countable. 5
(d) If ae R, show that | a|=+/a> . 2

UNITHI

3. (a) Suppose that Xand Yy are any two real numbers with X<y, then

prove that there exists a rational number I € Q such thatx<r<y.
5



(b) State Bolzano-Weierstrass theorem for bounded sets. Prove that the

1 o . :
set S= {3” + I :ne N } has no limit point. Does it contradict the

theorem? 5
(c) Find the derived sets of the following sets: 2x2=4

@) {1+ (_r:)” ‘ne N}

(i) {2”+%: ne N}

1
. (a) Prove that0 is the only limit point of the set S= {E ‘ne N} 6

(b) Given Sand T are subsets of real numbers R . Prove or disprove:
(SNT)'=S'"T". 4

(c) Show thatif xe R isalimit point of An B, then Xis a limit point of
Aand B. Is the converse true? Justify your answer. 4

UNITHII

. (a) Provethat lim(n"") =1. Use this result to show that

1iml[1+2”2+3”3+...+ n"1=1. 5

N—o0 n

1 1 1
(b) Let X, ::1_2+_+'"+F for each ne N. Prove that (X ) is

22
monotonically increasing and bounded, and that lim X, < 2. 5
. . . 1
(c) Using ¢ -definition, show that le( o 1] =0. 4



6. (a) If X=(X)converges to Xxand Z=(Z ) is a sequence of nonzero real

numbers that converges to z# 0, then prove that the quotient

sequence X /Z convergesto X/ Z. 7
(b) Prove that every monotonically increasing sequence which is
bounded above converges to its least upper bound. 5
(c) Everybounded sequence is convergent. Justify. 2
UNITHV
7. (a) State and prove the Cauchy convergence criterion. 8
(b) Show directly from the definition thatif (X ) and (y.) are Cauchy
sequences then (X +Y ) is also Cauchy sequence. 4
(c) Give one example of an unbounded sequence that has a convergent
subsequence. 2
8 Show that th ( )—1+l+l+ + i
. (a) Show that the sequence (X, PR — isnota
Cauchy sequence. Is it convergent? 5
(b) Prove that if the subsequence (X, ) and (X,) converges to the same
limit|, then (X ) also convergestol. 4
(c) Prove that (nsin n)is properly divergent. 3
(d) A sequence (X ) converges to | if every subsequence of (X )
converges to |. Is the converse true? Justify. 2
UNIT-V
9. (a) Show that the following series is not convergent. 4

= (1 1/n
0 2(5)
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(b) Using comparison test, examine the convergence of infinite series

i(\/n“ﬂ—\/n“—l) . 4

- 1
(c) Using integral test, show that the series nZ:; W 1s convergent
ifp>1 and divergentif 0 < p<1. 6
2 X3 X4

10. (a) Testthe convergence ofthe series —+—+—+—+..., x> 0.
1.2 23 34 45

5

= (1) logn
(b) Prove that the series z ()# is convergent. Is it absolutely
n

n=1

convergent? 5

(c) Prove thatif Z &, isabsolutely convergentand (b ) is a bounded

sequence, then Z a b, converges. 4




