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Answer five questions, taking one from each unit.
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1. (a) Definearinganda o-ring . If X =R, the real line, then show that

the class P= {[a,b):a,be R,a< b} isaring.

2+4=6

(b) Prove thatif A is an algebra of subsets of a set X then
M(A)=5(A) that s, the smallest monotone class and the smallest

c-algebra containing algebra A are the same.

8

2. (a) Let Xbe anon-empty setand C be any class of subsets of a set X.
Show that the intersection of all 5-algebras containing C isa
c-algebra and it is the smallest 5-algebra on X containing C . 7

(b) Show that a c-ring is a monotone class and that a monotone ring is a

o-ring .

UNITHI

(3V4+3%=T)

3. (a) Provethatif A is an algebra of subsets of Xand p : A —[0,0]a
set function with u(&) = 0, then U is countably additive if and only
if 1 is both finitely additive and countably subadditive. 7
(b) Prove thatif S* the class of all p*-measurable subsets of Xis an
algebra of subsets of X, and p* restricted to S* is finitely additive. 7



4. (a) Define outer measure [* on an algebra of subsets of a set X. Prove
that the set function " : P(X) — [0, o ]is countably additive.

2+6=8
(b) Let (E,) be asequence of measurable sets. Prove that if

E, CE, C.. then p(lim E,) = limp(E, ).

UNITHII

5. (a) Prove thatthe Lebesgue outer measure of an interval is equal to its
length.
(b) Let A be an algebra of subsets of a set Xand L a measure on A .
Then prove that there exists a c-algebra S* (the c-algebra of

w*-measurable subsets of X) and a measure [L* on S* such that
Ac S*and u*(A) =u(AVAe A.

7

7
6. (a) Let Ec R.Prove thatif Eis a Lebesgue measurable set, then for

every € > 0, there exists an open set G, such that E G, and
A¥(G,—-E)<e. 7

(b) Let Ae £ and xe R. Show that: 3Vax2=T7
(1) A+xe L,where A+Xx={y+x:ye A}

(i) —Ae £,where —A={-y:ye A

UNITHV

7. (a) Prove thatiffand gare measurable functions, then the three sets
{(xe X: f(x)>g(x)}, {xe X: f(X)=g(x)} and
{xe X : f(X)=g(X)} are all measurable. Moreover, show that the

functions f vg, f Ag, f*, f~ and | f | are all measurable
functions.

8
(b) Prove thatif u(X) <+eo and f, — f almost uniformly on X, then

f, — f almosteverywhere. Give an example of a sequence that

converges pointwise but not almost uniformly with respect to the
Lebesgue measure A .

4+2=6



8. (a) Let (X,S,u) beacomplete measure space. Then prove the
following statements:

(i) Given f,g:X — R* andiff is measurable then gis
measurable.

(ii) If(f)1is a sequence of measurable functions from X to R * and if

f: X > R* suchthat f(X)= linm f.(X) holds for almost

everywhere then f is measurable. 4+4=8
(b) Let u(X) <+eo. Prove thatif (f ) converge almost everywhere tof,
then (f ) converges in measure to f. 6
UNIT-V

9. (a) For s;5,s,€ Ljand o.e R witho > 0, prove that the following
statements hold:

() 0<[sdu<-eo
(i) ase Lj and I(ocs)du=ocjsdu
(i) s +s,€ L, and _[(3 +sz)du:j§du+Igdu
(iv) For E€ S, wehave S € L, and set function von E is given
by stEdu isameasure on S . Also, V(E) =0 whenever
WE)=0, EeS. 1+1+2+4=8
(b) For f e L ,provethat f € L (u) ifand only if | f |e L, (w) . Further,

in either case show that U fd u‘ < j| f |du . 3+3=6

10. (a) State and prove the monotone convergence theorem. 1+7=8
(b) Let f e L, (n) and E€ S. Show that . f € L, (1), where

IE fdu = jXE fdu. Further, if E,F € S are disjoint sets, show that
jEUF:jE fdu+jF fdy . 343=6




