2023
B.A./B.Sc.
Sixth Semester
CORE - 14
MATHEMATICS
Course Code: MAC 6.21
(Ring Theory & Linear Algebra- 11)

Total Mark: 70 Pass Mark: 28
Time: 3 hours

Answer five questions, taking one from each unit.

UNITH

. (@ If R[X] istheringof polynomiasof aring R, provethat Risan
integral domainif andonly if R[X] isanintegral domain. What can

yousay about R[] if Risafield? 5
(b) Stateand provethedivisondgorithmfor polynomials. 5
(c) LetFbeafield. If f(x)e F[x] anddeg f (x) is2or 3, provethat

f (x) isreducibleover Fif andonlyif f(x) hasazeroinF. 4

. (@) Provethat theproduct of two primitive polynomiasisprimitive. 5

(b) If f(x)e Z[x] isreducibleover Q (thefield of rationd), provethat

f (x) is reducibleover Z (thering of integers). 4
(c) If Fisafidd, provethat F[x] isaprincipa idea domain. 5
UNITHI
. (@) Provethat every Euclidean domainisaprincipa ideal domain. 5
X

(b) Show that y ,Where | = (x* —5x+6) isnotafield. 2
(c) Provethat every principa ideal domainisauniquefactorization

domain. 7

. @ Show that v/-5 iIsaprimedementinthering
Z[\/—_S}:{ah/:Sb:a,be Z} 3
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(b) If Risanintegrad domainwith unity inwhich every non-zero, non unit
elementisafinite product of irreducible e ementsand every
irreducibleelementsisprime, provethat Risuniquefactorization
domain. 7

(c) Provethat every irreducibledementin R{X] isanirreducible
polynomid in R[X], Rbeinganintegra domainwith unity. Isthe
conversetrue? Judtify. 4

UNITHII

. @ ItB={ (1,-2,3),(1,-1,1), (24,7)} isabasisof V,(R), findits
dud basis. 5
(b) If {v;,V,,...,v,} isabasisof thevector spaceV over afield F and

{f,,f,,..., f,} isthedua basisof {v,,V,,...,V,} , then provethat

() anyvector ve V isexpressbleas V=) fi(VVv.
i=1

(i) anylinearfunctiond f e v* isexpressibleas f = Zn: f(v)f .
i=1

5
(© f T:V —>U isalinearmapand T*:U* —V * isitstranspose,
show that theKernel of T* istheannihilator of theimageof T. 4

. (@ Let A, 4,,...A, bethedistinct eigenvaluesof Te L(V). If W, be

the el gen space corresponding to theeigen values 4 and if
W =W, +W, +...+ W, thenprovethat

dimW =dimW, +dimW, +...+dimW, 4
(b) Provethat theminimal polynomial of ameatrix of linear operator is
unique. 4

(0) If Tisalinear operator on R® whichisrepresented inthestandard

-9 4 4
ordered basisby thematrix A=| -8 3 4|, provethat Tis
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diagonalizableby exhibitingabasisof R® eachof whichisaeigen
vector of T. 6

UNITHV

7. () Provethat every finitedimensiona vector spaceisaninner product
space. 5
(b) Findan orthonormal basisof thevector spaceV of all rea
polynomialsof degreenot greater than two, inwhichtheinner

product spaceisdefined as (0(X), (X)) = I (), w(x)dx where

(X, w(X) eV . 6
(c) Provethat anorthonormal set of vectorsislinearly independent. 3

8. () LetWhbeasubspaceof aninner product space V. Show that
() v=woew" (i) w=w 5
(0 1f{u,u,,...,u, } beany finiteorthonormal setinaninner product
gpaceV over afield F andif uisany vector in'V then provethat

> KU U >‘2 < HUHZ . Furthermore, show that equality holdsif and only
i=1

if uisthe subspacegenerated by {u,,u,,...,u,}. 6
() Findthenorm of thevector v = (1,—2,5) . Also normalizethisvector.
3
UNIT-V
9. (a) If Tand Sarelinear operatorson aninner product spaceV over field
F, provethat
(i) (T+S)*=T*+S* (i) (aT)*=aT * whereae F
(i) (TS)*=S*T* (iv) (T*)*=T 4
(b) Let Ae M. (F) and ye F". Thenprovethat thereexists

X, € F"suchthat (A* A)x, = A* y and
|A% - y] < | Ax—y]|Wye F". Furthermore, if rank(A) = n then
provethat x, = (A* A) " A*y. 5
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() SupposeT isalinear operator on aninner product spaceV(F). Then
show that theadjoint T* of T existssuchthat TT*=T*T =1 ifand
onlyif Tisunitary. 5
10. (@) Let T bealinear operator on acomplex inner product spaceV. Then
provethat Tisnormdl if andonly if [T * ()| =T (u)|vueVv. 4
(b) Show that alinear operator E isaperpendicular projectioninan
inner product spaceif and only if itisidempotent and self-adjoint.
6
(c) Provethatif Tbeanorma operator onafinitedimensional complex

inner product spaceV, then every subspace of V whichisinvariant
under Tisasoinvariant under T*. 4




