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Answer five questions, taking one from each unit.

UNITH
1. (a) Defineintegral domain and field and prove that every field is an
integral domain. What can you say about the converse? 5
(b) Prove that the set M, (Z) of 2x2 matrices with entriesin Z isaring
under matrix addition and matrix multiplication. 5
(c) Show thataring R is commutative if and only if
(a+b)’ =a’+b* +2ab, forall a,be R. 4
2. (a) Define subring of a ring and show that the sum of two subrings of a
ring Rmay not be a subring of R 3
(b) Define characteristic of a ring and prove that the characteristic of an
integral domain is either zero or a prime number. 5

(c) Give an example to show that the union of two subrings of aring R
may not be a subring of Rand prove that the union of two subrings of
aring Ris a subring of Rif and only if one of them is contained in the
other. 6

UNITHI

3. (a) Defineideal of aring and prove that every ideal ofaring Ris a
subring of R. Is the converse true? Justify. 4
(b) Define maximal ideal of a ring and prove that an ideal M of a
commutative ring Rwith unity is a maximal ideal of Rif'and only if
R/Mis a field. 7
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(c) IfJisanideal ofa ring Rwith unity such that 1€ J, then prove that
J=R 3

4. (a) Ifl and Jare two ideals of aring R, then prove that 1+J = <I U J> )
5
(b) Define prime ideal of a ring and prove that an ideal P of a
commutative ring Ris a prime ideal of Rif and only if R/ Pis an
integral domain. 6
(c) IfFisafield, prove that its only ideals are {0} and F. 3

UNITHII

5. (a) Defineringisomorphism. IfRand R aretworingsand f :R— R
is an onto homomorphism, then prove that R' = R/ ker f , where
ker f denotes the kernel of f. 6
(b) If C denotes the field of complex numbers, show that the map
f :C — C defined by f (x+iy) = Xx—iy, is aring homomorphism.
4
(c) Provethatany homomorphism of a field is either injective or takes
each element to zero. 4

6. (a) IfRandR aretworingsand f : R— R’ isahomomorphism, define

kernel of f and prove that it is an ideal of R. 3
(b) IfRand R aretworings and f : R— R’ is ahomomorphism, prove
that
(i) f(0)=0"where0and 0'denote the zero elements of Rand R
respectively.
@) f(-a)=-f(a) forall ae R.
3
(c) Define embedding and prove that an integral domain can be
embedded in a field. 8
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7. (a) Prove thatevery linearly independent subset of a finitely generated
vector space can be extended to form a basis. 5



(b) If Xand Y are subspaces of a finite dimensional vector space, prove
that dim(X +Y)=dim X +dimY —dim(X NY). 6
(c) LetV be the vector space of functions from R to R . Show that
f,g,heV arelinearly independent, where

f(x)=¢€",9(x)=x>,h(X) = x. 3

8. (a) Define linear span and prove that the linear span of any non—empty
subset of a vector space is a subspace of the vector space. 5
(b) IfVis a finite dimensional vector space over a field F with dimension
N, prove that any set with (n+ 1) or more vectors of V, is linearly
dependent. 5
(c) Ifthe vectors (0, 1,a), (1,a, 1), (a 1, 0) of the vector space

R*(R) are linearly dependent, then find the value of & 4
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9. (a) Define rank and nullity of a linear transformation. State and prove the
rank-nullity theorem. 8
(b) Ifthe matrix representation of a linear transformation T on the vector

space R*(R) with respect to the basis {(1,0,0), (0,1,0), (0,0,1)} is

0 1 1
1 0 -1|,whatisthematrix representation of T with respect
-1 -1 0
to the basis {(0, 1,-1), (1,-1, 1), (-1,1,0)}? 6

10. (a) If T:R* — R? isamap given by
T(X,Y,2)=(X Y)V(X Y, Z)e R, show that Tis a linear
transformation and also find the null space of T. 4
(b) State and prove the first isomorphism theorem of linear algebra. 6
(c) IfTisalinear transformation on a vector space V over a field F

suchthat T =T +1= 0, then show that T is invertible. 4




