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Answer five questions, taking one from each unit.

UNITH

1. (@ Let f:[a,b] > Rbeboundedand ce (a,b).Let B and P, be
partitionsof [a, c] and[c, b] respectively. Showthat P=PF, UP, is
apartitionof [a, b]. Also, showthat L(f,P)=L(f,B)+L(f,R,)
andU(f,P)=U(f,B)+U(f,R). 4

(b) Let f :[a,b] » R bebounded suchthat f2isintegrableover
[a, b], where f2(x)={f (x)}z.ThenfisintegrabIeover [a, b].
Proveor disprove. 4
a, If-1<x<0
(©) Let f:[-11] - R bedefinedby f(x)=10, if x=0
b, ifO<x<1

where b <0< a. Isfintegrableover [-1, 1] ? Justify. 6

k, if xisrational
-k, if xisirraxtiond
where k # 0. Isfintegrableover [a,b] ? Justify. 4

2. (3@ Let f:[a,b] >R bedefinedbyf(x)z{

b
(b) Let f :[a,b] - R bebounded and continuous. If If(x)dx:o,

a

provethat f(c)=0 foratleastone ce[a,b]. 4
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0, if xisirrational

(c) Let f:(0,1) - R bedefinedby f(x)= 1 ifx—B
q’ q
wherep, g € N having no common factor. Show that f isintegrable
1
(0,2) and hence, evaluate J' f(X)dx. 6
0
UNITHI

3. (& Let f:[a,b] » R beintegrableover[a, b] andlet ce R . Prove

b b
that cf isintegrable over [, b and [ (cf)(x)dx=c[ f ()dx. 7
(b) Let h:[a,b] — R beintegrableover [a, b]. If h(x) =0 for all

b
xe [a,b], provethat Ih(x)dxz 0.
Hence, provethefall owi ng:
Let f,g:[a,b] > R beintegrableover[a, b]. If f(x)>g(x) for
b b
al xe[a,b],then J' f (x)dxzfg(x)dx. 5+2=7

4. (a) Let f :[a,b] > R bebounded and monotone. Provethat f is
integrableover [a, b]. 7
(b) Let f :[a,b] » R bebounded. Supposethat f iscontinuousin

[a, b] except at onepoint ce (a,b). Show that fisintegrableover
[a, b]. Hence, provethat f isintegrableover [a, b] if f hasonly
finitely many pointsof discontinuity in [a, b]. 4+3=7

UNITHII

5. (8 Forwhatvaluesof pe R doestheintegral J‘ip dx converge?
X
dustify. ' 5



(b) Provethat T'(a+1) =TI'(a) fora>0.

Deducethat I'(n+1) =n! for ne N. 4+1=5
. dx
(c) Examinetheconvergenceof Il— 4
0 x3(1+ x?)
6. (a) Showthat I x"'e *dx isconvergentfor t > 0. 5
0
I'(a)T"(b)
b) F , show that B(a,b) = ———. 5
(b) For a,b>0, show (a,b) Fa+h)
: dx
(c) Examinetheconvergenceof I - 4
0 x2 (1- X)E
UNITHV
7. (@ Consider thesequenceof functions f, :[0,o) — R defined by
f(X)— — and f :[0,%) — R defined by
¢ B 0, if 0<x<1 o
(x)= 1 ifx>1 .Provethat f, — f pointwiseon [0, ].
Does f, — f uniformly on [0, ) ?dutify.
5+1=6
(b) Let f : R — R beuniformly continuouson R . Consider the
sequenceof functions f, (x) = f (x+1j.8howthat f,—f
n
uniformlyon R . 4
(c) Leta>0. Provethat the seriesof functions Zm
uniformly convergentonany interva [a, b]. 4

8. (@ Let XcR andlet f,: X — R.Provethat( f,) isuniformly
convergenton Xif andonly if ( f,,) isuniformly Cauchy on X. 7



(b) Let f,, f:[a,b] - R suchthat > f, = f uniformly on[a, bj.
n=1
If each f_ isintegrableover[a, b], provethat f isintegrableover

b w b
[a,b] and [ f(x)dx=>"[ f,(x)dx. 7
a n-1a
UNIT-V
9. (8 Let (a,) beabounded sequenceof real numbersand let
L =limsupa, . Provethat 4+3=7
(i) thereexists Ne N suchthat a, <L+¢ foral n>N
(i) L—e<a, forinfinitely manyn
(b) Supposethat the coefficientsof the power seriesz a x" aredll
integersand infinitely many of themare non-zero.nE?rovethat the
radius of convergence of Z a X" isatmost 1. 3
(c) Determinetheradiusof corq\:/oergenceof thefollowing power series.
oo n . oo n3 .
' —X ' —X =
0] 2 (ii) Ly 2+2=4

10. (@) Let i a,(x—a)" beapower serieswhose coefficients a, = O for

n=0

o)

1
exists, provethat thelimit equals lim|a, [
an X—>oo

aln=>0.If lim

X—>00

n

=, X
(b) For xe R, provethat €" :Z—'.
n-o N:

n

(¢) Let R betheradiusof convergence of the power series Z ax .
n=0

What can you say about the convergence of Z ax'a x=R?
Astify. -
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