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Answer five questions, taking one from each unit.

UNIT-1

1. (a) Prove that, for any two real numbers x and y,

eyl

o] "1+ 1]y 0
(b) Let X =R". For x=(x1,x2,---,xn) and y=(y1,y2,---,yn) in
1
R",define d, (x,y)ZLZn:‘xi —yi‘pjp where p > 1. Verify that
i=l1
d, isametricon R" 8

2. (a) Let (X ,d ) be a metric space and A4,B be subsets of X. Prove the

following results. 6

1) AcB=A°c B
(i) (A4NB) =4"NB°

(i) (4UB) 2 4°UB’



(b) Let (X ,d ) be a metric space. Prove the following results.
4+2+2=8
(i) IfFisasubsetofX, then Fis closed ifand only if F = F
(i) If Ac B then Ac B

(i) If 4 — F and Fisclosed, then 4 = F

UNIT -11

(a) Let (X ,d X) and (Y , dY) be metric spaces and 4 < X . Prove that

f:A—Y iscontinuousat a € A ifand only if whenever a
sequence {xn } in A converges to a, the sequence { f (xn )}
converges to f (a) 7

(b) Define disconnectedness of a metric space and prove that (X ,d ) is

disconnected if and only if there exists two non-empty disjoint open
sets A and B of X'suchthat X = AU B 1+6=7

(a) State and prove Banach fixed point theorem. 7

(b) Prove that the function f : (0, 1) — R defined by f (x) _1 is not
X

uniformly continuous, where the sets (O, 1) , R have the standard
metric. 7

UNIT - 111

(a) Derive the Cauchy-Riemann equation for an analytic function f (Z) :
6



(b) Check if f (z) is continuous at z =0 or not.

(c) Show that iflimit ofa function f (Z) existatapoint z,, then it must

be unique.

(a) If f(z) and g(z)are two functions such that

lim f(z)=1,lim g(z) =/, then lim (fg)(z)=11,.

Z—)ZO

(b) Find the limit lim ZZ+3
=1 741

4

(c) Prove that continuity is a necessary but not a sufficient condition for

differentiability.
UNIT -1V

(a) State and prove the Cauchy-Goursat theorem.

(b) Evaluate 7 = '[xdz , where C'is the circle |Z| =R.
C

4-3z .
Evaluat dz ,where C -2(=1.5
(@) Vauaeiz(z—l)(z—2) z ,where 1s|z |
2 y2

(b) Evaluate [ = I xdz , where Cis the ellipse % + = 1
C

(c) Prove that ‘ez‘ =l if andonlyif zeR .
2z

(d) Solve | ( € < dz where Cis 2| =2

4
clz+

-3

6

10



UNIT-V

9. (a) State and prove the Liouville’s theorem. 4
(b) Obtain the Taylor’s and Laurent’s series that represents the function
z* -1 . :
z)= in the region
N = gy Mheree
(i) |7|<2
(ii) |z >3 6
3 5
(c) Prove that tan‘lz=z—%+z?—--- when |Z|<1 4

10. (a) Find the radius of convergence of'the series

1,13 2, 1:3:5 5,

—z 4

2 25 2-5-8
(b) State and prove the Weierstrass M-test. 4
(c) Obtain the Taylor’s or Laurent’s series which represent the function

1
z)= when

f( ) (1+22)(z+2)

(i) |2|<1

(i) 1<|z|<2 6




