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Answer five questions, taking one from each unit.

UNIT-1

l. (a) If X 1scountable and Y < X, then prove that ¥ is at most

countable. 5
(b) Prove that the interior of a set 4 is the largest open set in 4. 5
(c) Is {1,2,3} x(R\N) countable? Justify. 4

2. (a) Prove that the Cartesian product of two countable sets is countable.

6
(b) Let X be an infinite setand x € X . Exhibit a bijection between X
and X'\ {x} 4
(c) Isd= {l :nelN } compactin R ? Justify. 4
n

UNIT-II

3. (a) Let (xn) be a sequence in a metric space (X,a’) andlet x € X .

Prove that (xn ) converges to x if and only if for all open subset V'

of X containingx, 3N € N suchthat x, e V,Vn> N. 7
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(b) Prove that eis irrational. 7

(a) Let (X ,d ) be a metric space, 4 = X and x € 4 . Prove that there

exists a sequence in A which converges to x. 7
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(b) Discuss the convergence of Z— 7

= n(logn)’
UNIT-III

(a) Let f: X — Y be continuous, where X, ¥ are metric spaces.
If Fisaclosed setin Y, prove that /" (F) is closed in X.
IfAisaclosed setin X, is f (A) closed in Y? Justify. 8
(b) If f: ]a,b[ — R is differentiable and f’(x) >0, Vxe ]a,b[ ,thenis

f monotonically increasing or decreasing? Justify. 6

(a) Let : X — Y becontinuous, where X, Y are metric spaces. [f X'is

connected, prove that f (X ) 1s also connected. 7
(b) Describe and justify the chain rule in differentiation. 7
UNIT-1V

(@) If f: [a, b] — R isbounded and P, P* are partitions of [a, b] such
that P*is finer than P, then how are L(P, /') and L (P*, f)
related? 7

(b) Iff 1s continuous in [a,b] c R and f is real-valued, prove that f is

integrable. Is the converse true? 7



8. (a) Provethat f: [a,b] — R is integrable if and only if given &£ > 0,
there exists ¢ > 0, a partition P = {xo,xl,...,xn} of [a,b] with

|P|| < 0 and areal number L such that Vi, € [xl._1 , xl.] ,we have

Zf(ti)(xi _xi_l)—L <g.

(b) If f: [a, b] — R is bounded and has a point of discontinuity, is /
integrable? Justify.

UNIT-V
9. (a) For x e R, x > 0, evaluate the following.

() lim ( sin nxj

1+ nx

(ii) ]jnl(e_"x)

(b) State and prove the Cauchy criterion for uniform convergence.

10. (a) Show thatif a > 0, then the convergence of the sequence ( i j
X+n

1s uniform on the interval [0, a] , but is not uniform on the interval
[0, 0] .
(b) Show thatforall xe R,x >0
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X+n

(i1) lim(xe_”x) =0




